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NAVELL

This Mathcad sheet belongs to the NavGen suite of analysis tools for the determination of
the accuracy of position determination. It provides results of numerical integration of the
two-dimensional probability density function of position fixes over certain error contours.
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Input data are the probability density functions in the two orthogonal axes with assumed Gaussian
shape, characterised by the parameters s, and sy, ( left figure above) . The pair of orthogonal error
distributions determines the 3D CDF, shown in the right figure. In this document the 2D PDF is
integrated over specific error contours, i.e. error ellipses ( left figure) and error circles, yielding the
‘confidence content' or ‘error probability’ related to the error contour under examination.

For each error contour to be examined, five different ratios of the underlying standard deviations
sy Isy are applied to show the variation of confidence content with the ellipticity of the 2D error
distribution.

Input Standard Deviations 0.014
1:=0.4 (;0.251
Standard deviations of sx=1 ki=¢05+ RatioofSDs

position coordinates

Co.75~
: .

gl g



Genuine Error Ellipse
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la. Integration Contour: Single Standard Deviations Error Ellipse

(The integration contour is the same as the genuine error ellipse)

Semi axes a = Sx

Case displayed i:=3

Definition of plot variables
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bi = syi

ky = 0.750
Ay o= 0.000 Re(dso, 1) = 0.750
d) g o = 1.000 Re(dloo, 1) = 0.000
Ay o= 0.000 Re(dso, 2) = 0.750
dj g o = 1.000 Re(dloo, 2) = 0.000

(Error ellipse and
integration contour
coincide)



Probability integral

Integration boundaries

i=0.4
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1.000 1.000
0% ¢
0 O
6 0
1 6 0o
Pi = B 06
2>p>¢5.x>€.yi R R
6 .0
-
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0.250 1.031 0.393
0.500 1.118 0.393
0.750 1.250 0.393
1.000 1.414 0.393

Result: the confidence content (or error probability) is 0.39. This means the probability that
the position lies within the error contour is 39%. This value is independent of the ratio of the
underlying standard deviations.

The confidence content of the error ellipse can be calculated more easily by the equivalent
Rayleigh cumulative probability function (CDF).

. 2 2
with s = ’sx + (sy4) and R:=s s = 1414

& R20
PR):=1- expgi:

8262 P(R) = 0.393



1b. Integration Contour: Double Standard Deviations Error Ellipse
Semi axes a = sy b. = Sy,

Case displayed i:=3 Excentricity: =0.750

Definition of plot variables

j:=0..100
j- 50
d =——o0
1,00 25
1 = Error ellipse d50,0 = 0.000 Re(dso, 1) =0.750
d) g o = 2000 Re(dloo, 1) = 0.000
4 = Integranqn contour d50’0 = 0.000 Re(dso’z) =0.750
j,2 (error ellipse)
d) g o = 2000 Re(dloo, 2) = 0.000
2
15 solid red line:
dj,1 genuine error ellipse
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— 05 dashed blue line:
: integration contour
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Probability integral

Integration boundaries
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a = 256y
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2.000 1.000
2.000 1.500
2.000 2.000
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k = P. =
0.010 0.865
0.250 0.865
0.500 0.865
0.750 0.865
1.000 0.865

Result: the confidence content (or error probability) is 0.865. This means the probability that
the position lies within the error contour is 86.5%. This value is independent of the ratio of the
underlying standard deviations.

The confidence content of the error ellipse can be calculated more easily by the equivalent
Rayleigh cumulative probability function (CDF).

with s = /sxz + (sy4)2 and R:=2s

20
P(R):=1- exp?i_

8262 P(R) = 0.865

1c. Integration Contour: 95% - Error Ellipse

Probability integral

Integration boundaries

i:=0.4
a = 24498 y Iteratively produced
Sigma-multiplier
n for p=0,95 integration
bi B 2'449>Syi boundaries.



2.449 0.024
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0.010 0.950
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0.750 0.950
1.000 0.950

Result: the confidence content (or error probability) chosen is 0.95. This means the probability
that the position lies within the error contour is 95%. This value is independent of the ratio of
the underlying standard deviations.

The respective multiplier for both standard deviations is 2.449

This value is used in NavGen to produce the 95% error ellipse shown in the diagram of the
individual position fixes.

The multiplier for the standard deviations yielding an error ellipse with a confidence content of
95 % can be calculated more easily by resolving the Raleigh CDF for the radius R:

P(R) := 0.95 s=1

R:=+/-24n(1 - P(R))>s

R =2.448



2a. Integration Contour: Circle dRMS

Distance Root Mean Square (dRMS) is a commonly used error measure for position fixes, as it is
quite easy to calculate. It replaces two-dimensional statistics by one-dimensional, and in fact
defines an error circle, no matter what the ratio of the underlying standard deviations is. The
calculation below shows that the confidence content of the related error circle is dependent on the
ratio of the standard deviations. Hence, caution must prevail if the error distribution is not circular,
i.e. not having identical error distributions.

i:=0.4
sy =1
syi = ki>€’X

Radius of error circle dRMSI = es x2 + (Sy)
1
Case displayed i=2 axis ratio:
j :=0..1000
Definition of plot variables
j - 500 SN
d =122 mad ) = 2.000
1,0 250
1 = Error Ellipse
. 2 2  Integration contour
i2 \/(dRMsﬁ) ) (dj,o) (error circle)
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gl.414 g
k = 0.500
Sy = 1.000
sy, = 0500
dRMS, = 1.118
A, o = 0-000
di000,0 = 2000
A, o = 0-000
Gy, o = 1:200

Re(dsoo, 1) = 0.500

Re( leOO,

1) = 0.000

Re(dsoo, 2) = 1.118

Re(dsoo, 2) = 0.000
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Probability integral

Integration boundaries

i:=0.4
a = dRMSi
bi = dRMSi
1
Pi =
2>p>sx>sy_
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ki = dRMSI = Pi =
0.010 1.000 0.683
0.250 1.031 0.682
0.500 1.118 0.663
0.750 1.250 0.639
1.000 1.414 0.632

solid red line:
genuine error ellipse

dashed blue line:
integration contour




Result: the confidence content (or error probability) varies with the ratio of the underlying
standard deviations betwen 0.632 and 0.683. The dRMS error measure does not possess a

fixed probability. For equal standard deviations a probability of 63.2 % applies.

As the probability content of the dRMS error circle varies with the ratio of the underlying SDs, the
Rayleigh distribution cannot be used to determine the probability content. The author has developed
the following approximation for the probability content as a function of the SD ratio k:

0.630035820.672132 + 0.68259309>(ki)(' 51208746)

Py =

i 20.672132 + (ki ) (- 5.1208746)
22.000% 38.683¢ 0.683
52.0621 50.6821 50.6821

2dRMS = 92.236% P= 90.663% Pa= 90.663%
¢2500~ C0.639™ C0.639™
62.828 00.632.5 80,632

2b. Integration Contour: Circle 2dRMS

Case displayed i=2 Excentricity: k = 0.500

Definition of plot variables

j = 0..6000
'} - 3000 o

dj,O " 1000 max(daon) = 3.000

dj 1 = Error Ellipse d3000,0 = 0.000
d4000’0 =1.000

d. 5= \/c’(2>dRMS).|‘2- (d. 0)2 Integration contour — 0.000

) € L I (error circle) dBOO0,0_ :

d5237’ 0° 2.237

Re(dgooo, 1) = 0.500

Re(d 000, 1) = 0.000

Re(dgooo, 2) = 2.236

Re(d5237, 2) = 0.000
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Integration boundaries
i:=0.4
a = (2>dRMS)i
bi = (2>dRMS)i
a= b. =
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ki = (2dRMS)i = Pi =
0.010 2.000 0.955
0.250 2.062 0.959
0.500 2.236 0.970
0.750 2.500 0.979
1.000 2.828 0.982
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Result: the confidence content (or error probability) varies with the ratio of the underlying
standard deviations betwen 0.955 and 0.982 The 2dRMS error measure does not possess a
fixed probability. For equal standard deviations a probability of 89.2 % applies.

As the probability content of the 2dRMS error circle varies with the ratio of the underlying SDs, the
Rayleigh distribution cannot be used to determine the probability content. The author has developed
the following approximation for the probability content as a function of the SD ratio k:

P, := 0.95435874 + 0.0017921523% + 0.0895571>(ki)2 ; 0.064296814>(ki)3
I

58.0006 58.955¢ 28.9548
52.0621 50.9591 50.9591
20RMS = (2.236+ P= 0970+  Py= ¢0.970+
¢2500~ Co.979™ C0.979™
2.828 5 00.9825 00.981 3

3a. Integration Contour: Circle CEP50 = h*dRMS

CEP50 is produced iteratively by varying h. As the probability varies with the shape of the error
ellipse, an error probability of 50% is produced for all k.

Probability integral

Integration boundaries

20.67455
50.70381
hi= ¢0.7785+
Co.8217~
80,8325 5

(factors varied iteratively to produce a probability of 50%)
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a = (hi>dRMSI)
b, := (hi>dRMSI)
a = b. =
| |
0.675 0.675
0.725 0.725
0.870 0.870
1.027 1.027
1.177 1.177
&
0 o) P 4 2 2 N
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g g eﬁf? 10gx Y ¢
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1 o 0 e g Yi] 00
Pi = » 6 e dy dx
2>p>¢5.x>€.yi 5 o
0 0]
- a -
ki = dRMSI = h|>dRMSi = Pi =
ab.67509 0.010 1.000 0.675 0.5000
g0_7041 0.250 1.031 0.725 0.5000
h= 90_779; 0.500 1.118 0.870 0.5000
Co 822+ 0.750 1.250 1.027 0.5000
C =
0.832 & 1.000 1.414 1.177 0.5000
CEP50

Result: There is no constant relationship between CEP50 and dRMS. CEP50 can be
determined from dRMS for a given ratio of the standard deviations k by multiplying dRMS with
the applicable factor h.

For the case of a circular error distribution (k = 1) - and just only for this case - we can check
the result above by applying the Rayleigh CDF.

P(R) := 0.50 s:=1
R:=y-21n(1 - P(R))s R=1177
The multiplier for dRMS is then GRS, =0.833 q.ed
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3b. Integration Contour: Circle CEP95 = v*CEP50

CEP95 is produced iteratively by varying h. As the probability varies with the shape of the error
ellipse, an error probability of 95 % is produced for all k.

Probability integral

Integration boundaries

38.67455
S0.7038~
h:= 90.7785%
Co.8217~
8083255

(factors varied iteratively to produce CEP50 from dRMS)

52.906
92.7zsi

vi= 92.339; (factors varied iteratively to produce CEP95 from CEP50)
¢2.128~
820795

a = (hix/i >dRMSi)

b, := (hi>vi>dRMSI)

g = b; =
1.960 1.960
1977 1977
2.036 2.036
2186 2186
2.448 2.448
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ki = dRMSI = h|>vI = PI =
a2.906 9 0.010 1.000 1.960 0.9500
92_7251 0.250 1.031 1.918 0.9500
V= 92_339; 0.500 1.118 1.821 0.9500
g2 128+ 0.750 1.250 1.749 0.9500
c =
82,079 & 1.000 1.414 1.731 0.9500

Result: There is no constant relationship between CEP95 and CEP50. CEP95 can be
determined from CEP50 (or from dRMS) for a given ratio of the standard deviations by
multiplying CEP50 (dRMS) with the applicable factor v (h*v).

For the case of a circular error distribution (k = 1) - and just only for this case - we can check
the result above by applying the Rayleigh CDF.

P(R) := 0.95 s==1
R:=-21n(1 - P(R))s R= 2448
The multiplier for dARMS is then dRVIS, =1731 q.ed
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